Functional equation on N.
https://www.linkedin.com/feed/update/urn:li:activity:6515582090648657920
Consider the (infinite) sequence of integers a,az,as,... all of which are
greater than zero. If they satisfy the relation a, + a,, = 2n for all n,
find a, as a function of x.
Solution by Arkady Alt , San Jose ,California, USA.
Let f(n) := a,. Then by condition of the problem /': N - N and

f(n) +f(f(n)) = 2n, Vn € N.
Since f{1) > 1and f{f(1)) > 1 then (1) + f(f(1)) =2 < f(1) =2 - f(f(1))
implies f(1) < 1. Therefore, f(1) = 1.
Forany n € N since f(n) > 1and f(n) = 2n — f(f(n)) we obtain f(n) < 2n— 1.
Hence, f(f(n)) < 2f(n) — 1 and then f(n) = 2n - f(f(n)) > 2n-2f(n) + 1 <

3fn) >2n+1 = fln) > 2”3—+1,Vn e N.. Since f{f(n)) > 2ﬂn3¢ then

f(n)zzn—f(f(n))szn—2f(”3¢ = fin) < Sn=L

Thus,2”3—+1Sf(n)§%<:>2”3:rl -n<fln)- ns%—nﬁ

Leta, = 3,b, = 5. Then assuming that for any n € N holds inequality
—”a—_klsf(n)—ns ”b_kl ,keN

we obtain =L < fin) n < =L = SOZL < ) gy < =L
b

_f(n)—n+n fln) - n+n—1 n— n—1

Ak 2(f(n) I’l) = by =7 2bk+ 1 _f(n) Zak -1
Ajrl = 2bk+ 1,bk+1 = 2ak— l,k e N.
A+l +bk+1 = 2(ak+bk) = ak+bk = 2k‘1(a1 +b1) = 2k+2

_2 k+2
agr1 — b —? = —2<ak—bk—;) = ak_bk__k— -2)" 1(al by — % _ { 3)
N\ k2 2k+1 34+ 1

Hence a; = %(2"+2+—( 2) )z ( 3( ) )
by — 1 k2 _ ( 2)k+2 2k+1<3+( 1)k+1>
T2 3
Since }{im 1 = ym = 0 for any fixed n € Nthen f(rn) = n,Vn € N.




